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Decoherence of a quantum state coupled to an exterior environment is at the foundation of our
understanding of the emergence of classical behavior from the quantum world, but how does it
emerge in a finite closed quantum system? Here this is studied by modeling an isolated quantum
system of a handful of ultracold atoms confined to a double well potential and coupled to a single
atom of a different type. The ultracold atoms thermalize and serve as an environmental bath for
the single atom. We observe accelerated decoherence of the single atom when ultracold atoms have
thermalized. This is explained by the emergence of chaotic eigenstates in the thermalized system.
PACS numbers: 05.70.-a, 07.20.Pe, 67.85.-d
It is well known that a quantum mechanical state, pre-
pared as a linear combination of one sort or other, ex-
hibits interference phenomena according to the rules of
quantum mechanics [1]. An orthodox example is a single
particle confined in a double well potential. The particle
wave function can be viewed as a superposition of being
in the left and in the right wells respectively. This fact
explains the coherent oscillations of the particle through
the barrier in the double well. Such quantum mechanical
coherence (or interference) has been shown to be washed
out by the influence of the environment and experiments
reveal a spatial localization of the particle in one well.
The theory of decoherence of open quantum systems
is well developed [2]. The mechanism of decoherence is
classified into dissipation and dephasing. To account for
dissipation, the environment is usually represented as an
infinite number of harmonic oscillators, which absorb en-
ergy and cause the system to dissipate to the ground
state. The ground state is still coherent, although the
particle does not perform oscillations. Other models [3]
attempt to explain dephasing, which turns a pure quan-
tum mechanical state into a mixture. In the mixed state
the particle is found in either well with equal probability.
Decoherence in quantum systems, which are coupled to
external environments, have been observed [4].
While dissipation can also be caused by classical
means, dephasing is a purely quantum mechanical effect.
A common approach to this problem is a statistical de-
scription based on the density matrix master equation,
which describes an open quantum system in the pres-
ence of an environment [1, 2]. The rules of quantum me-
chanics, however, are applicable to closed quantum sys-
tems. Moreover, the unitary nature of quantum mechan-
ics seems to prevent a system from showing irreversible
loss of coherence. However, the possibility of isolated fi-
nite quantum systems thermalizing to constant values of
measurables was theoretically predicted [5] and has al-
ready been numerically demonstrated [6–8]. It has been
shown that temperature and entropy can be assigned to
describe such systems [9]. Until now, the demonstration
that an isolated quantum system could serve as a finite
thermal heat bath for another quantum system was miss-
ing. Here, we achieve this by coupling ultracold atoms
Figure 1. Schematic of a double well created by splitting a
harmonic potential with a focused laser. The diagram shows
the possible tunneling of atoms and energy levels change due
to interactions. Inset: A single atom of a different type cou-
pled to them suffers decoherence. The particle can be found
in a well with certain probability.
confined to a double well to a single atom. Our analysis
shows that this realistic system exhibits thermalization
when one well is initially hotter than the other [8] and
therefore the system can serve as a finite thermal envi-
ronment for a single particle in the same double well. We
show that thermalization is a very effective mechanism in
our finite system to cause decoherence of the single atom.
Anything like that is observed for the same numbers of
non-thermal atoms. We explain this by the emergence of
chaotic eigenstates in the thermalized system.
This also brings the possibility to ascribe a universal
wave function that links environment and objects as parts
of a single quantum system. The need to describe mea-
surements within the quantum mechanics of closed sys-
tems is long-standing and was put forward by Everett
in Ref. [10]. In this spirit, we can regard tentatively
the thermal environment as an apparatus [11] monitor-
ing the single atom in this closed quantum system: the
single atom becomes entangled with the apparatus and
its state turns to a quantum mixture of states observers
perceive.
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2We consider N bosons confined to a double well trap-
ping potential, Vdw(x), which are described by the fol-
lowing Hamiltonian
HˆT =
∫
dx
[−~2
2m
∇ψˆ†(x).∇ψˆ(x) + Vdw(x)
]
+ g
∫
dxψˆ†(x)ψˆ†(x)ψˆ(x)ψˆ(x). (1)
At low temperatures only the lowest laying single par-
ticle states are populated. Here we take into account
the first two states in each well as depicted in Fig. 1.
Therefore the field operators can be described in terms
of the four localized single particle functions, ψˆ(x) =∑1
l=0
(
φlL(x)bˆ
l
L + φ
l
R(x)bˆ
l
R
)
, where bˆlr are the bosonic
annihilation operators of an atom in well r and energy
level l and described by the single particle functions φlr.
This leads to the two-band Hubbard Hamiltonian [12]
HˆT = −
∑
r 6=r′,l
J lbˆl†r bˆ
l
r′ +
∑
r,l
U lnˆlr(nˆ
l
r − 1) +
∑
r,l
Elrnˆ
l
r
+U01
∑
r,j 6=l′
(2nˆlrnˆ
l′
r + bˆ
l†
r bˆ
l†
r bˆ
l′
r bˆ
l′
r ), (2)
where we have ignored interactions between atoms in
different wells. The ground and first excited state en-
ergies are Elr =
∫
dxφl∗r (x)
(
− ~22m∇2 + Vdw(x)
)
φlr(x).
The tunnel coupling between the wells are J l =∫
dxφl∗L (x)
(
− ~22m∇2 + Vdw(x)
)
φlR(x). The interaction
between atoms in the same well and on the same en-
ergy level is U l = g
∫
dx|φlr(x)|4, and on different energy
levels is U01 = g
∫
dx|φ0r(x)|2|φ1r(x)|2. This last term also
leads to atoms changing energy levels. It was shown in
Ref.[8] that this system exhibits thermalization when one
well is initially more energetic than the other.
We add a single atom of a different atomic species to
the system which is described by the field operator ψˆs. It
interacts with the thermal atoms via contact interaction
gI
∫
dxψˆ†(x)ψˆ†s (x)ψˆs(x)ψˆ(x). We will assume that it is
cold and can be described by the lowest states of the
wells. Similarly to the previous case we split the quantum
field operator for the single atom as ψˆs(x) = ψL(x)aˆL +
ψR(x)aˆR, where aˆr are the bosonic annihilation operators
of the single atom in well r. This procedure results in the
following Hamiltonian of the combined system
Hˆ = HˆT − Js
∑
r 6=r′
aˆ†raˆr′
+ gI
1∑
l,m=0
R∑
α,β,γ,δ=L
Cl,mα,β,γ,δ
(
bˆlα
)†
bˆmβ aˆ
†
γ aˆδ, (3)
where Js =
∫
dxψ∗L(x)
(
− ~22ms∇2 + V sdw(x)
)
ψR(x) ∼
(E1 − E0) and the interaction coefficients are Cl,mα,β,γ,δ =∫
dxφl∗α (x)φ
m
β (x)ψ
∗
γ(x)ψδ(x). It is interesting to note
that the interaction terms induce an effective tunneling
for the single particle (γ 6= δ), which is the result of the
shifting of the energy levels due to interaction with ther-
mal atoms. It also induces on-site interactions (γ = δ)
leading to the phase shifts which is assumed by the mech-
anism of dephasing. Moreover, each term in the Hamil-
tonian conserves the number of atoms in each species.
This implies that energy dissipation can not occur and
that the decoherence found below is due to dephasing.
We consider a harmonic potential with oscillator fre-
quency ω0, which is split into two halves by a fo-
cused laser beam and described by a Gaussian potential
V0 exp[−x2/2σ2]. The barrier height V0 = 10~ω0, with
width σ = 0.1lho, where lho =
√
~/mω0 is the harmonic
oscillator length. For a symmetric well, localized func-
tions representing the energy levels in the different wells
were calculated from the single particle eigenstates of the
system. This gives J0/~ω0 = 0.153, J1/~ω0 = 0.226,
E0r/~ω0 = 1.37 and E1r/~ω0 = 3.31. The interaction
terms can be calculated from the integrals above and the
interaction couplings, g and gI. The interaction couplings
can be varied by the Feshbach resonance [13, 14] and for
our purpose we use U0/~ω0 = 2/N , U1 = 3U0/4 and
U01 = U0/2. We assume that the single atom is twice
as heavy as a thermal atom, yielding Js/~ω0 ≈ 0.1, and
it is coupled to thermal atoms with gI/~ω0 = 2/N . The
matrix Cl,mα,β,γ,δ can be calculated in a similar way. Its
most relevant elements will be discussed later.
The basis are level occupation kets. For thermal atoms
it is |n0L, n1L, n0R, n1R〉 with the constraint n0L +n1L +n0R +
n1R = N , where the total number of thermal atoms N
is fixed. A single particle can be in the left or in the
right well in the second quantized formalism, therefore
the basis for the single particle |nL, nR〉 is spanned by the
two kets, |1, 0〉 and |0, 1〉. The basis of the full system is
then a tensor product of both |n0L, n1L, n0R, n1R〉⊗|nL, nR〉.
The initial state can be set as a product state. In the
course of time evolution it is no longer a product state
due to interactions and it becomes an entangled state of
the single atom and the thermal atoms:
|Ψ(t)〉 =
∑
{nlr}
A{nlr}(t)|n0L, n1L, n0R, n1R〉|1, 0〉
+
∑
{nlr}
B{nlr}(t)|n0L, n1L, n0R, n1R〉|0, 1〉 (4)
with some time dependent coefficients A{nlr}(t) and
B{nlr}(t). The initial state can be chosen such that
A{nlr}(0) = 1 and B{nlr}(0) = 0 for a particular initial
configuration of thermal atoms {nlr}. The wave function
(4) can be viewed as a superposition of the single atom
being in the left and the right well. We can define a re-
duced density matrix by tracing the full density matrix
over the thermal atoms, ρˆ(t) = Tr{|Ψ(t)〉〈Ψ(t)|}, which
yields
ρˆ(t) =
∑
{nlr}
(
|A{nlr}(t)|2 A∗{nlr}(t)B{nlr}(t)
A{nlr}(t)B
∗
{nlr}(t) |B{nlr}(t)|
2
)
(5)
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Figure 2. Time evolution of the population expectation values
of the energy levels in the system for N = 30. The initial
state of the thermal atoms is |16, 10, 0, 4〉 and the single atom
is initially in the left well. Only the population of the single
atom in the left well is shown. Thermal atoms are allowed to
thermalize initially. The coupling between thermal atoms and
the single atom, gI/~ω0 = 2/N , is switched on at tω0 = 100.
Oscillations of the single atom amplitude decay with time
after that. The corresponding purity of this state is shown in
the inset. The dashed line behaves as ∼ exp(−0.012tω0).
The purity is defined as P = Trρˆ2. It is 1 for a pure state
and 0.5 for a decohered state [2].
The numerical calculations based on the exact diago-
nalization of the combined Hamiltonian (3) reveal de-
phasing of the coherent oscillations of the probability
of the single atom being found in one of the wells (see
Fig. 2). We let the system thermalize initially. After
that we couple the single atom to the thermalized atoms
at tω0 = 100 and observe amplitude decay. The purity of
this state is shown in the inset. The sudden coupling be-
tween the single and the thermal atoms causes the ampli-
tude oscillations of the single atoms and its purity to drop
initially and establish an exponential decay after that.
As anticipated it quickly reaches the value 0.5 during
the dephasing process, such that 2P − 1 becomes 0. We
have checked whether the similar behavior occurs when
we switch off the coupling U01 in Eq. (2). In this case
the system is simply reduced to the single-band Hubbard
model which does not show thermalization [15]. We per-
form numerical simulations for N = 30 which are allowed
to reside only in the lowest band. To avoid self-trapping
regime and allow atoms to fluctuate we reduce the in-
teraction strength to U0/~ω0 = 0.1/N while keeping the
coupling to the single atom the same gI/~ω0 = 2/N . As
it is seen from Fig. 3 the single atom oscillations are not
damped away even though it is entangled to a complex
environment. Therefore thermalization is a very effective
mechanism in our system to cause decoherence of the sin-
gle atom. We do not observe anything like that for the
same numbers of non-thermal atoms.
In order to understand the observed behavior we first
discuss general arguments leading to decoherence in a
thermalized environment. Consider a particle confined
to a double well potential and the system is coupled to a
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Figure 3. Similar to what is shown in Fig. 2, but now all
atoms are allowed to move only in the lowest band. The
initial state of the atoms is |30, 0〉. Contrary to Fig. 2 the
oscillations of the single atom amplitude do not decay and the
corresponding purity exhibits revivals.
thermal environment shown schematically in Fig. 1. In
the absence of an environment the particle can perform
coherent oscillations from one well to another. If the
two lowest energy states of the system are |0〉 and |1〉
respectively, then the linear combinations |L〉 = (|0〉 −
|1〉)/√2 and |R〉 = (|0〉 + |1〉)/√2 represent a situation
where the particle is located in the left or the right well
respectively. The state |L〉 then evolves in time as
|ψ(t)〉 = 1√
2
[exp(−iE0t/~)|0〉 − exp(−iE1t/~)|1〉], (6)
where E0 and E1 are the energies of the two states. The
interaction with an environment leads to energy level
shifts and induces additional phase factors. As a re-
sult, the phase factors in (6) become E′0t/~ + θ0(t) and
E′1t/~+ θ1(t). Written in the |L〉 and |R〉 basis, the den-
sity matrix reads
ρˆ(t) =
(
1
2 [1 + cos θ(t)]
i
2 sin θ(t)− i2 sin θ(t) 12 [1− cos θ(t)]
)
, (7)
where θ(t) = (E′1 − E′0)t/~ + θ1(t) − θ0(t). If we
consider a thermal heat bath, the induced phases
are supposed to be uncorrelated, therefore one may
take an appropriate stochastic average. The process
in question is meant to be also Gaussian implying
〈cos θ(t)〉 = cos(t/T ) exp(−Θ(t)/2) and 〈sin θ(t)〉 =
sin(t/T ) exp(−Θ(t)/2), where T = ~/(E′1−E′0) is the pe-
riod of oscillations and Θ(t) = 〈(θ1(t)−θ0(t))2〉 describes
their damping. In the thermalized environment we ex-
pect the phase to exhibit random walks yielding Θ(t) ∼ t
[16]. The density matrix (7) thus quickly becomes diag-
onal with time, losing its coherent off-diagonal elements,
ρˆ(∞) = diag(1/2, 1/2). The purity P = Trρˆ2(t) changes
from 1 to 0.5 during this transition. Another interesting
consequence is that the probability of finding the parti-
cle in one of the wells performs damped oscillations with
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Figure 4. Typical eigenstates of HˆT . n = 〈n|HˆT |n〉 are the
diagonal elements of HˆT in the fock basis |n〉. In panel (a)
U01 = 0 and the system does not show thermalization since
it is reduced to the one-band Hubbard model. In panel (b)
U01 = ~ω0/N is finite and the system thermalizes. In contrast
to (a), the eigensates in (b) are chaotic [7].
period T . This analysis assumes that the thermal envi-
ronment is too complex to be considered explicitly and
does not allude to a mechanism of dephasing. Below we
will show how random phases appear in our system and
cause decoherence of the single particle.
Let |ψT (t)〉 be the quantum state of the thermalised
system at time t satisfying |ψT (0)〉 =
∑
αAα|α〉 and
given by the unitary evolution
|ψT (t)〉 = e−iHˆT t/~|ψT (0)〉 =
∑
α
Aαe
−iEαt/~|α〉. (8)
Here |α〉 is an eigenstate of HˆT given in Eq. 2 and Eα
is the corresponding eigenvalue. The eigenstate can be
expanded in terms of the basis kets |α〉 = ∑n Cαn |n〉,
where we have introduced a shortened notation |n〉 =
|n0L, n1L, n0R, n1R〉. The time-dependent expectation value
of the occupation of one of the levels in the double well
then reads
〈nˆlr〉 =
∑
α
|Aα|2nαα +
∑
α6=β
A∗αAβe
i(Eα−Eβ)t/~nαβ . (9)
The first term on the right-hand side is the long-time av-
erage of 〈nˆlr〉, the thermalized value to which it should
relax [5]. The second term represents thermal fluctua-
tions. We observe that nαβ =
∑
n nC
α∗
n C
β
n is a fluc-
tuating quantity with zero mean if α 6= β. The rea-
son for that is the emergence of chaotic eigenstates in
the thermalized quantum system [7]. It is demonstrated
in Fig.4. The width of the fluctuations in Fig. 4,b is
∼ ∆2/δ2, where ∆ is the mean level spacing of unper-
turbed system, i.e. for U01 = 0, and δ2 = N−1TrV 2
with V = U01
∑
r,j 6=l′(2nˆ
l
rnˆ
l′
r + bˆ
l†
r bˆ
l†
r bˆ
l′
r bˆ
l′
r ) being pertur-
bation and N is the size of the Hilbert space. The width
becomes smaller as we increase the number of particles,
since typically ∆ behaves as ∼ e−constN . As the result
the mean expectation values also fluctuate accordingly.
The probability distribution of the thermal atom density
fluctuations after tω0 = 100 show clear Gaussian behav-
ior with the mean values of populations 0.41 and 0.09 on
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Figure 5. The probability distributions of the occupations of
thermal atoms for N = 30. They acquire Gaussian shapes for
sufficient number of particles and this serves as evidence of
thermalization.
the lower and upper energy levels with the corresponding
variances 0.005 and 0.004 as shown in Fig.5. The width of
the Gaussian profile gets narrower as we increase the to-
tal number of particles and behaves as ∼ 1/√N in accor-
dance with the predictions of statistical mechanics [17].
Contrary, the fluctuations become more pronounced as
we decrease number of particles. Thermalization is lost
when the number of atoms less than N ∼ 10 − 12. The
single atom exhibits vivid quantum revivals and decoher-
ence is no longer observable.
Now, we can understand the behavior in Fig. 2 by an-
alyzing Eq. (3). Having discovered the probability dis-
tributions of the thermal atom’s density fluctuations, we
may substitute the operators bˆlr and bˆl†r by their mean-
field values and study the remaining quantum problem
for the single atom, which reads
Hˆs ≈ −(Js −∆J)
∑
r 6=r′
aˆ†raˆr′ + Laˆ
†
LaˆL + Raˆ
†
RaˆR, (10)
where ∆J ≈ gI
∑1
l=0
∑R
α=L C
l,l
α,α,L,Rn
l
α and r ≈
gI
∑1
l=0
∑R
α=L C
l,l
α,α,r,rn
l
α. Here we have retained the
most relevant terms. Notice that the mean-field val-
ues nlr are regarded as Gaussian random variables. This
also makes ∆J and r fluctuating variables with means
J0 = 0.5 × 10−2, 0 = 0.12 and variances 1.5 × 10−5,
1.2 × 10−3 respectively. We can safely ignore the fluc-
tuations of the induced tunneling ∆J and write r(t) ≈
0 + δ(t) and ∆J(t) ≈ J0, where δ(t) is a Gaussian ran-
dom variable with zero mean. We define a column vector
A = (aˆL, aˆR)
T. The Heisenberg equations of motion cor-
responding to Eq. (10) are
i~
∂A
∂t
= [(0 + δ(t))1ˆ− J ′sσˆx]A, (11)
where J ′s = Js − J0 is the shifted single particle tun-
neling rate and σˆi are Pauli matrices. The unitary
5transformation A = exp[−i(01ˆ− J ′sσˆx)t/~]A˜ eliminates
the time-independent coefficients in the above equa-
tion. The resulting equation can be solved yielding
A˜(t) = exp[−i ∫ t
0
dt′δ(t′)/~]A˜(0). Averaging over its
realizations we get A˜(t) ≈ exp[−1/4Θ(t)]A˜(0), where
the damping Θ(t) ≈ 2~−2 ∫ t
0
dt′
∫ t
0
dt′′δ(t′)δ(t′′). As-
suming δ(t′)δ(t′′) = σ2 exp[−2|t′ − t′′|/τc], where the
variance σ = 1.2 × 10−3, we can calculate the inte-
gral Θ(t) ≈ 2~−2σ2τct which is valid for t  τc/2.
Here τc is the correlation time of the Gaussian fluctu-
ations. The time τc/2 can thus be regarded as the time
for establishing the exponential decay in Fig.2. Tak-
ing for simplicity τc ∼ ~/σ as the time scale associated
with the thermal atoms fluctuations, we estimate that
Θ(t) ≈ 2~−1σt ∼ 0.01tω0. This is in good agreement
with the behavior of the dashed line in Fig. 2. We no-
tice that Θ(t) ∝ gI. We checked numerically that this is
indeed the case by changing the interaction strength gI.
A tight magnetic trap with radial and axial frequencies
of ω⊥/2pi = 2.1kHz and ω0/2pi = 11Hz can be used to
confine atoms in a 1D trapping potential [18]. In this
case the ratio of the corresponding oscillator lengths is
lho/l⊥ ≈ 14, such that the width of the focused laser
beam is σ ≈ l⊥. For 7Li atoms this gives σ ≈ 0.8µm. A
narrow laser beam was recently reported with σ ≈ 0.7µm
and positioning the beam to a lateral precision of 0.05µm
[19]. Taking the 1D interaction strength g = 2~ω⊥as
yields the estimate for the two-body scattering length
as ∼ 200nm/N . The scattering length for 7Li atoms was
achieved as small as ∼ 10−4nm [20], therefore the number
of particles should not exceed N ∼ 106.
In conclusion, we have demonstrated how a quantum
particle suffers decoherence in an isolated thermalized
environment of cold bosonic atoms confined to a dou-
ble well potential. In particular, we have shown that
the emergence of chaotic eigenstates accelerates the pro-
cess of decoherence even if the number of environmental
atoms is small. Hence, our system acts as a finite heat
bath for the particle. The heat bath could potentially be
utilized to build autonomous quantum devices such as
refrigerators or engines. We hope our work will engage
further studies in this direction.
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